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ABSTRACT: Analytic integral equation theory for treating athermal mixtures of hard spheres and
polymers is extended to study thermal interaction and solvent quality effects in suspensions of infinitely
dilute spherical particles in dilute and semidilute polymer solutions. Our approach applies to all sphere/
polymer size ratios, and polymer—polymer segmental attractive interactions are included using both liquid
state and Flory—Huggins theory. The effect of such thermal interactions on the polymer-induced depletion
potential between hard spheres is studied with emphasis on the sphere—sphere second virial coefficient
and the free energy of particle insertion. Strong enhancement of the purely entropic attractive depletion
interaction is found in the proximity of the polymer—solvent critical demixing point. The magnitude of
this effect and the distance from the ® temperature where it becomes important are sensitive to system-

specific factors.

I. Introduction

In recent work, we have developed an analytic poly-
mer reference interaction site model (PRISM) integral
equation-based theory! for describing polymer-induced
interactions between hard spherical particles of arbi-
trary size. In this earlier “athermal” study,! all the
pairwise interaction potentials had been assumed to be
hard core repulsions, corresponding to the problem of
polymer-induced depletion attractions of a purely en-
tropic packing origin.2=4 Our microscopic approach
accounts for the fact that polymer molecules are con-
nected chains of elementary monomer or segmental
units and does not approximate them by effectively
spherical macromolecular entities. For such model
athermal systems, the theory based on the Percus—
Yevick (PY) closure predicts a significantly weaker
entropic depletion attraction between large colloidal
spheres! than found by theories which represent the
polymer as a phantom ideal coil® or as a hard impen-
etrable sphere?87 (in relation to its interactions with
particles) of size given by the radius of gyration Ry. The
relation between our athermal system integral equation
predictions and those of prior phenomenological,>®
scaling,® and field theoretic® approaches, connections
with computer simulations'®! and experiments,213 and
possible deficiencies of the PY closure in the large
colloidal sphere limit has been presented in great detail
elsewhere.! The athermal theory has been generalized
to include nonadditivity in the hard core diameters,'* a
feature relevant to understanding polymer-mediated
interactions between coated colloidal particles. The
present paper takes the first step toward explicitly
including thermal interactions and examines the con-
sequences of decreasing solvent quality.

A treatment which includes thermal polymer—poly-
mer segmental interactions addresses a weakness of our
earlier work,! which modeled chains under “©” condi-

tions by assuming ideal chain statistics (R; ~ +/N)
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while simultaneously asserting that the only interchain
interactions were of a hard core excluded volume type.
It is known that, under athermal (good solvent) condi-
tions, individual chains are swollen relative to their
ideal dimensions at dilute and semidilute concentra-
tions; the Flory ideality condition obtains only at higher
concentrations and in the melt.’® Inclusion of thermal
interaction effects in the theory is important for properly
modeling both single chain and intermolecular polymer
correlations and thermodynamic properties such as the
polymer osmotic pressure, under ©-like conditions, and
also for understanding more completely the correspond-
ing polymer-induced depletion potential. Since the ©
temperature is, for long chains, very close to the
polymer—solvent critical demixing temperature,!® the
possibility exists for long-wavelength critical polymer
density fluctuations to couple to and strongly modify the
polymer-induced potential of mean force between par-
ticles relative to that calculated for the purely hard core
athermal situation. This generalization of our approach
may also be relevant to understanding charged systems,
such as suspensions of polyelectrolytes with charged
spheres.®

To place the new thermal results in proper context,
our theory for the athermal problem is briefly sum-
marized in section Il. Section Il discusses the gener-
alization to include thermal polymer—polymer interac-
tions; analytic results and model calculations illustrating
the consequences of thermal effects on the polymer
density screening length, sphere—sphere second virial
coefficient, and free energy of insertion are presented.
The paper concludes in section IV with a discussion.
Some results relevant to including thermal contribu-
tions to the polymer—particle and particle—particle
interactions are given in the Appendix.

I1. PRISM Theory for Athermal Systems

As in previous work,! Rg and R denote the coil radius
of gyration and the polymer segment-colloid particle
distance of closest approach (R = dp), respectively.
Though we investigate the entire range of size ratios
between the spherical particles and polymer coils, we
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shall for brevity refer at times to the spherical solute
as the “colloidal” species. The polymer and colloid site
number densities are p, and pc, respectively; o is the
effective statistical segment length of the model chains.
The subscripts “p” and “c” denote “polymer” and “col-
loid”, respectively. The polymer site number density will
often be written in a dimensionless form in terms of the
reduced density variable z = ppo®. The symbols p*, and
z* denote the values of p, and z at the crossover from
dilute to semidilute polymer concentrations's; p*, is
defined as p*, = 3N/47zRY 3, where R is the coil
radius of gyration under dilute condition. N is the
number of interaction sites per chain, proportional to
the degree of polymerization. The distance of closest
approach between spherical particle centers will be
represented by dc. In this work we consider exclusively
the case of “additive” diameters, i.e., d,. = 2R.

Polymer—colloid suspensions are in reality three-
component systems containing solvent molecules. Our
theory does not include the solvent particles explicitly
and treats instead an effective two-component system
in which only the polymer molecules and colloid par-
ticles are represented. The effect of solvent condition
may be accounted for at the single chain level by the
effect on the statistical segment length or chain dimen-
sions, and the terms polymer concentration/density are
used interchangeably, as the polymer molecules are the
only component present at finite concentration in our
present work. This treatment is analogous to our
previous investigation of demixing in polymer solutions
in terms of an effective one-component model in which
only the polymer molecules were represented explic-
itly.’® The liquid—vapor transition in this effective one-
component system was correlated with liquid—liquid-
phase separation into polymer-rich and polymer-poor
phases.

Within the PRISM approach, which generalizes the
small molecule RISM theory of Chandler and Andersen
to macromolecules,!” the Ornstein—Zernike-like matrix
equagtions for a two-component system in Fourier space
aret

A (K) = &Iy (K (K) +
;éMM"(k)PM"F‘M”M'(k)] @)

where pv and om(K) are, respectively, the site number
density and the intramolecular structure factors for
species M, hym(r) = gum(r) — 1, gmme(r) is the intermo-
lecular site—site pair correlation function between spe-
cies M and M’, and Cuwm (r) is the corresponding direct
correlation function. The single chain structure factor,
wp(K), is assumed to be given by the following Lorentzian
form:

1

oK) =—-——
(k) 1/N + K%6%/12

)

Here N and o are, respectively, the number of sites per
chain and the effective statistical segment length. The

coil radius of gyration, Ry is, ¥ N/6c. The Lorentzian
expression closely approximates the Debye form factor
for flexible chains®® over the entire range of wavevector
k, and permits development of an analytic theory. Use
of eq 2 with analytic PRISM theory has been shown to
provide a consistent description of thermodynamic
properties of homogeneous polymer solutions at dilute
and semidilute concentrations, for both ® and good
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solvent conditions.’® The © solvent case is realized by
choosing o in eq 2 to be independent of N and p,. Choice
of the appropriate dependence of o on N and p, to
recover chain swelling under dilute condition and the
scaling theory prediction for the dependence of Ry on pp
in the semidilute regime allows a consistent description
of the good solvent situation.®

In the present paper, the single chain conformations
are assumed to be ideal at all temperatures. This
simplification, which is equivalent to treating the ef-
fective segment length ¢ as a constant independent of
temperature, N, and polymer concentration, permits a
clear-cut evaluation of the influence of thermal polymer—
solvent interactions alone and will be accurate close to
the O or critical temperature. A complete theory would
calculate the single chain conformations self-consis-
tently as functions of the polymer density and solvent
quality/temperature. Though such more complicated
approaches have been developed within the PRISM
framework,2921 we refrain from this elaboration in the
present work.

We employ the analytic thread polymer model!® which
corresponds to taking the limit dpp — 0, where dy is
the hard core diameter for individual thread polymer
segments or sites. The polymer—polymer site—site direct
correlation function Cpyp(r) is represented as a Dirac
delta function in position space, in the spirit of a
Percus—Yevick (PY) site—site closure approximation:*8

Cpp(n) = Cpp0( 1) €p(k) = C, 3)

The excluded volume constraint between chain seg-
ments is enforced in a pointwise manner by requiring
that the interchain segmental pair correlation vanish
asr—0, i.e., that gpp(r — 0) = 0. In the limit that the
colloidal species is infinitely dilute (o = 0), the three
coupled PRISM equations (see eq 1) decouple into an
independent equation for hpp(k) and a pair of coupled
equations for hpe(k) and he(k) which can be solved once
hpp(K) has been determined. Use of eqs 1—3 together
with the pointwise core condition for the polymer—
polymer pair correlation function leads to the following
expression?® for gpp(r) when p. = 0:

Gpp(1) = 1+ L5 — 779 @
o_0 m 2_No
E_p_gc+31 50_12 (5)
1 1 2
PoCop = E(ggp) (6)

The polymer—polymer collective structure factor is
Spp(K) = wp(k) + pphpp(k) and is given by

12

Ko + I, )

épp(k) -

The polymer osmotic pressure under athermal condi-
tions is

2.3

@) = [fdz,5%0: 2) = 2 + Z[2)2 + TZ
poP(@) = [,d2,S,5(0; 20) = + 36(§c)2 +35 ©®

where z = py0® Equation 5 for the polymer density
dependence of the screening length &, together with the
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use of a pp- and N-dependent effective segment length
o for good solvent conditions, have been shown to be
accurate at dilute and semidilute concentrations.'®

An analytic theory of polymer solutions within an
effective one-component model has been developed?!®
based on egs 1—3 to account approximately for the finite
chain diameter dyp. Inclusion of finite chain thickness
effects leads to a different expression for &, than that
in eq 5, but which reduces to eq 5 at dilute and
semidilute concentrations for long chains. Use of this
Gaussian “string model” leads to a more rapid, non-
power law growth in the athermal pressure at high
polymer concentrations.’® The applicability of eq 5 is
therefore limited to dilute and semidilute concentra-
tions, i.e., to pp < p**p. The present work focuses on
polymer densities below the semidilute/concentrated
solution crossover p**, (typically ~25—30% polymer by
volume). We next summarize previously obtained solu-
tions? to the athermal PRISM integral equations for hpc-
(r) and he(r) in the limit that the spheres are infinitely
dilute.

Equations 1 and 4—7 determine the polymer—colloid
correlation function hp(k) according to

12C (k)

hoo(k) = Coo(K)S,,(K) = et UED
P

)

to be solved subject to the hard core exclusion condition
that hy(r) = —1 for r < R. For athermal hard core
systems and r > R, we employ the PY closure, which
gives

C,o(r) = CO(r) — % 1+ gp]é(r ~R)
cln = _022, r<R
12¢,
=0, r>R
hpe()=-1, r<R

= (e ™ r=r a0

Equation 10 shows that the contact value for gpc(r), i.e.,

Opc(r = R), vanishes; thus gp(r) is predicted to be

continuous across r = R, although its slope is not.

Integration of Cy(r) yields

_ R 1(3)2 LRy
3 3\, &

The quantity —kgTC,: is a measure of the effective
repulsive interaction strength between polymer sites
and a spherical particle.

The colloid—colloid correlations obey?!

Ck=0)=C, = (11)

12p,Cp"(K)
o*(K* + 1E?)
=C,(K) + W(K)
W(K) = p,Cop(K)S,p(K)C oK) (12)

h (k) = C.(k) +

The inverse Fourier transform of W(k), denoted W(r), is
the polymer-mediated contribution to the colloid—colloid
total correlation function. It contains contributions to
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all orders in the polymer density pp, and has a range

given by the screening length &, of density fluctuations
in the polymer solution. Equations 9, 10, and 12 yield:

_ az [R|[R)? r 2r r? 248
w200 5551

12(%)2(4 - %)] 0<r<2R

wo =ZF)0E s e R

The colloid—colloid correlations in r space thus become
h(r) = Cee(r) + W(r) (14)

where W(r) is a positive definite, monotonically decreas-
ing function of r.

Determination of he(r) from eq 14 requires an ad-
ditional closure relation. Use of the PY approximation
for the athermal colloid—colloid problem leads to*

ch(r) = 07 r < dCC
0 (N=1+W(r), r>d (15)

where dc is the hard sphere diameter between colloidal
particles. Note that the function W(r) in eq 13 depends
on the polymer-colloid distance of closest approach R,
but is independent of d... The value of ge(r) at contact,
Jee(r = 2R), is

g (r=2R)=1+ %Z(g) (16)

and is independent of the polymer screening length &,.
The polymer-induced effect on gc(r) is purely attractive
at all values of r and polymer density pp; addition of
polymer is predicted to always enhance colloid—colloid
clustering at all separations for the athermal problem.

A general expression for the dimensionless free energy
of sphere insertion into a polymer solution is given
within the compressibility route to the thermodynamics
by?1:22

— p IA PN
Bou, = — opdppcpc(ovpp)
3 3 2 2
B P
gp gc gp gc P ¢

where & = Rg/\/i is the correlation hole length scale,
the polymer density p, is integrated from zero to the
desired value, and the athermal screening length is
given by eq 5. The colloid—colloid second virial coef-

ficient BS relative to the bare hard sphere value B}®
i323

BY  3h.(k=0:py)

B 327R?
_ _ﬂi) 5
=1 4(0 [1+2R (18)

where the second line follows from eqs 13—15. Note that
eqs 17 and 18 are not limited to the athermal situation,
but within the Lorentzian approximation of eq 7, they
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apply also to cases in which thermal interactions are
treated at the level of a temperature-dependent polymer
density screening length &,. Under athermal conditions,
egs 5 and 18 predict that BY is positive (repulsive) for
all values of the polymer concentration in the “colloid
limit” (R > Rg) . In the “protein limit” (R < Ry), BY
exhibits a negative (attractive) minimum near the
semidilute crossover p*p, but at higher polymer densities
becomes positive (repulsive) again.! Qualitative physical
interpretation of these results, along with discussion of
their expected accuracy, has been given in ref 1.

I11. Inclusion of Polymer—Polymer Thermal
Interactions

Effective (solvent-mediated) thermal interactions be-
tween polymer segments may be simply included by
introducing a temperature-dependent screening length
or mesh size 5 in the polymer—polymer structure
factor Spp(k) of eq 7. We shall explicitly consider the
common “upper critical solution temperature” (UCST)
phase behavior corresponding to low-temperature poly-
mer—solvent phase separation.®> However, when inter-
preted in the more general language of polymer screen-
ing length (as opposed to T ) as a measure of phase
stability, our results may be of qualitative value for
polymer—solvent systems which undergo a heating-
induced LCST phase separation.?*

For analytic convenience, we employ an effective
polymer—polymer segmental attractive interaction v(r)
of the Yukawa form

v(r) = —lel(a/re " (19)

specified by the range a and strength ¢ = —|¢| < 0. The
effect of v(r) on the correlation functions guw(r) and
thermodynamics is incorporated by suitable modifica-
tion of the closure approximation. Previous work has
explored in detail predictions of alternative closure
approximations for the polymer—solvent demixing tran-
sition.1® For present purposes, we restrict ourselves to
the linearized reference molecular Percus—Yevick/high-
temperature approximation (RMPY/HTA),%> which has
proved quite successful in describing phase transitions
in polymer solutions, blends, and diblock copolymer
systems.16:182627 For the dp, — O thread limit, the
RMPY/HTA closure approximation corresponds to the
following equation for the temperature-dependent direct
correlation function Cpp(r):
Cop(r) = CA(r) = AY(NgL(r) (20)
where C) and g(r) are the athermal values for the
direct correlatlon strength parameter and interchain
segmental pair correlation functions, respectively. Equa-
tion 20 specifying Cy, under thermal conditions may be
viewed as a thermodynamic perturbation theory imple-
mented at the level of the direct correlation function.
The spinodal boundary for the liquid—vapor transition
in the effective one-component polymer solution model
within the RMPY/HTA closure is!®

3 3
wzo + -
HTA (1+5+”—26) (1+5)
tS — gc EC (21)
C) 3(2 +nz<§)
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where the spinodal temperature t.™* = kgTL "*/|¢| is in
units of the effective polymer—polymer thermal interac-
tion energy |e|, ©® = 1446* is the limiting long chain
value of the ® temperature at which the polymer—
polymer second virial coefficient vanishes, and 6 = alo
and is of order unity. Equation 21 shows that t'™/@ is
a function of the variables z/z* and Rg/a alone. The N
dependences of the critical density z.''* and critical
temperature t'™ (where t. = kgTd/|e[) within this
closure apprOX|mat|on have been investigated in earlier
work, and show the following asymptotic behaviors in
the long chain limit16

HTA (6N) 1/3 1— t::—rl—A/@ ~ 62/3N*1/3 (22)

where z'™/z* depends on a and Ry through the vari-

able Rg/a alone. The above predictions for the asymptotic
behaviors of z'™ and t'™, and for the spinodal
boundary, are to be contrasted with those of the widely
used mean field Flory—Huggins theory,?8 which makes
the following predictions for the spinodal curve and
critical point parameters:

1

1+ VN
1-t7He ~ 2/VN (23)

N¢(1 — ¢)

YOS T TN e

FH _
¢c -

Here, ¢~ and t7" are the polymer volume fraction at
the critical point and the dimensionless critical tem-
perature, respectively. Note the different exponents for
the N dependences of the critical polymer density or
volume fraction predicted by the PRISM RMPY/HTA
and Flory—Huggins theories. Experiments?® and simu-
lations®® on phase-separating polymer solutions typi-
cally find an N dependence of the critical volume
fraction of N~938 which is intermediate between the
~1/v/N behavior predicted by Flory—Huggins theory
and the asymptotic ~N~3 obtained from PRISM theory
with the RMPY/HTA closure; our predictions in eq 22
based on the thread model are also consistent with
results of numerical PRISM calculations performed on
finite thickness semiflexible chains.3!

Use of the linearized RMPY/HTA closure, together
with the Lorentzian form assumed for @y(k) in eq 2,
shows that under thermal conditions the polymer—
polymer partial structure factor Spp(k) may still be
approximated by a Lorentzian:

12

g

I3

Spp(K) = (24)

This is valid so long as the athermal value for the
density screening length ga““ is large compared to the
thermal interaction range a a condition always true for
pp < p**p when v(r) is a short-range dispersion-type
attraction. The above result is not restricted to the
RMPY/HTA closure alone but applies also to other
implementations of thermal liquid-state theory’® which
express Cpp(k = 0) as a linear function of § = 1/kgT.
Alternative theories for the spinodal boundary may also
be employed to obtain the z and N dependence of t; for
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use in eq 24. Here we also consider the incompressible
Flory—Huggins theory?8 for ts(N,z). Equations 9, 12, and
24 show that all of our previous results for the athermal
problem may be generalized to the thermal case by
introducing a temperature-dependent thermal screening
length &5

A AN (25)

where the screening length under athermal conditions,

Sf)th, is given by eq 5. The temperature dependence is of
a classic mean field form, which is expected to be valid
in polymer solutions except very close to the critical
point.32 On the basis of the RMPY/HTA closure result
for the spinodal boundary, the ratio gth/Rg is seen from
eqs 5, 21, and 25 to be a function of the three dimen-
sionless variables Ry/a, z/z*, and t/©.

Effects due to proximity in temperature to a polymer—
solvent critical demixing point enter purely through the
enhancement of &,, and the colloid—colloid contact value
Occ(dee) (eq 16) is not affected by the polymer—polymer
thermal interactions. Thus the strength of the attractive
polymer-induced potential of mean force between spheres
at contact is not affected, but the range of this interac-
tion, glven by § can be greatly enhanced if the
system is “near enough” a critical point that long-
wavelength polymer density fluctuations become per-
ceptible. This mechanism for strengthening the deple-
tion attraction will be shown to have important conse-
quences for B which is sensitive to both the strength
and range of the potential of mean force.

A. Thermal Effects on &,. Equation 25 shows that
thermal enhancement of &, at a fixed temperature is
maximal near the critical polymer density. Depending
on the precise shape of the spinodal boundary ts(z)/®,
nonmonotonic polymer density dependence of 5 at
fixed t/© may be possible. For the RMPY/HTA theory
of the polymer—solvent spinodal, we note the follow-
ing: (i) the asympototic behaviors of eq 22, (ii) the fact
that the scaled spinodal temperature t/® is a function
of the variables x = z/z* and a/Ry alone, and (iii) the
fact that for densities higher than the critical density
zcand Ry> a, the RMPY/HTA spinodal boundary is well
approximated by

L 1
S (26)

where 6 = alo. The spinodal temperature as a function
of polymer concentration predicted by the Flory—Hug-
gins theory was given in eq 23. Our discussion will focus
primarily on the ® temperature (t = ©); at temperatures
between ® and the athermal limit (t — «), the screening
length will show behaviors intermediate between those
discussed here and the athermal result of eq 5. However,
it is of considerable practical experimental interest to
understand how much larger than unity the ratio t/©
(or t/ts) must be for effectively athermal solvent quality
conditions to apply.

For the polymer situation where Ry > a, the following
qualitative picture emerges for the dependence of 5
onz att = ©. For densities z < /'™~ N-13, £ remains
approximately constant at its athermal zero-density

(dilute) value of Rg/«/i; the influence of the thermal
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Figure 1. Logarithm of the dimensionless thermal density
screening length calculated from the RMPY/HTA theory as a
function of the logarithm of the reduced polymer density. In
all cases, Rq = 500a, and the solid line represents the t/© —
athermal result. The dashed lines correspond to t/© = 5, 2,
1.5, 1.1, and 1.0 from bottom to top.

mteractlons is to prevent the decay seen in fg‘ath forz >

~ N72, Because zf'™ > z*, &' does not "exhibit a
maX|mum as a funct|on of z; the eritical density is in
the (weakly) semidilute regime, where e_?,a‘h is a de-
creasing function of z, and the thermal intéractions at
©® are just strong enough to arrest that decay for z <
zH™. For z > 2™, t; decreases in accordance with eq
26, with a power law behavior §th/o~z 32 which is to
be contrasted with the ~1/z dependence shown by Eath
at these densities. This stronger power law dependence
found at t = © is due to the steady decrease in t/O; the
thermal enhancement of &,, which is at a maximum at

zH™ is reduced at higher densities, until when z ~ o/a,
the thermal effect becomes negligible and &, regains its
athermal value, which at this density is &, ~ a. These
gualitative results are visible in the model calculations
in Figure 1, which shows predictions for § at several
temperatures. As t is lowered from |nf|n|ty (athermal)
toward ©, note the emergence of a density regime over
which §“‘ is effectively constant and ~&;; as t — O, this
domain extends up to the critical density z'™, and the
physical picture of the polymer solution as an ideal gas
of mutually penetrable random coils is appropriate. It
is very significant to note that this predicted behavior
is in excellent agreement with recent experiments33
which indicate that, at the ® temperature, 5
effectively independent of polymer concentration below
p*p. At reduced polymer densities greater than z'™,
Figure 1 shows the stronger decay of 5 relative to ga‘“
due to the decrease in ts.

Equatlons 2,5, and 7 show that equating the screen-
ing length g to its value & under p, = 0 conditions is
equivalent to replacing the polymer—polymer structure
factor Spp(k) by the single chain structure factor op(k)
in the PRISM eq 1. Such a replacement corresponds to
a physical situation in which the polymer solution
behaves effectively as an ideal gas of interpenetrable
coils, but where the coils do experience excluded volume
interactions with respect to the spherical “solute” par-
ticles. These circumstances are similar to the unbal-
anced excluded volume assumptions underlying some
prior treatments?® of the depletion interaction which
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log(§,/a)
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-1.0 0.
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Figure 2. Same as Figure 1 but based on Flory—Huggins
theory for £5'.

make use of the phantom-coil approximation to model
the polymer—polymer interaction. Such an approxima-
tion may indeed be appropriate at (or near) t = © for
polymer concentrations z < z.. At higher polymer
concentrations, the spinodal temperature steadily de-
creases below ©, and the polymer—polymer excluded
volume interaction causes the screening length 5;“ to
decline with increasing z.

Qualitatively different behavior for g}j‘ is predicted
by use of the Flory—Huggins theory for tJ/© as a
function of polymer density and N. To enable direct
comparison, we choose the constant of proportionality
between the reduced polymer density z and the volume
fraction ¢ in the Flory—Huggins model such that in the
long chain limit, the critical volume fraction ¢, equals
the semidilute crossover concentration z* in our model,
which both behave as ~N~%2, This mapping is imple-
mented through the relation ¢F" = 27zPRISM/9/6. The
equality of ¢. with the semidilute crossover z*, and the
fact that in the Flory—Huggins model t."/ @ is closer
to unity than for the RMPY/HTA theory of the spinodal,
lead to stronger thermal effects on &, in the former case.
Thus, &f,h increases with polymer density z at low
densities (below z" ~ z*), and, at z = z.", is larger
than Ry in an N-dependent way, given approximately
by £(¢ = e, t = ©) ~ N34, For densities above z[", £)"
drops as ®/ts becomes larger and regains the athermal
zero-density value OR, at a density z; > z." which
scales such as z; ~N~13; the equality of the exponent
in the N dependence of z; with that of the critical density
z. in the RMPY/HTA closure is purely accidental. At
higher densities, use of the Flory—Huggins theory yields
a &M which again shows a stronger dependence on z
than in the athermal case; as in the RMPY/HTA theory
for the spinodal, we find that &N~ 2732 for z > z,. The
important difference from the RMPY/HTA case is that,
in contrast to experiment,32:33 &;h at the ® temperature
is predicted to exceed Ry near the semidilute overlap
concentration, and the thermal enhancement relative
to 52‘“ is notably stronger. These differences carry over
into the behaviors of B and Bduc, which we discuss in
the next section.

Model calculations of g}j‘ from eq 25 using the Flory—

Huggins theory for t/® shown in Figure 2 display all
the expected qualitative trends discussed above.
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Figure 3. BY/BYS as a function of log(z/z*) under thermal
conditions based on the RMPY/HTA closure in the R > Ry
colloid limit. In all cases, R = 10% and Ry = 10%a; the curves
correspond to t/© =, 5,2, 1.5, 1.1, and 1.0 from top to bottom.

B. Thermal Effects on B3°. The sphere—sphere
second virial coefficient BY follows from eq 18 with the
thermal screening length &, introduced in eq 25. To
highlight the sensitivity of the predicted behavior to
details of the thermal screening length, we consider both
the Flory—Huggins and RMPY/HTA theories for the
polymer concentration dependence of t;/©.

Within the RMPY/HTA closure, egs 5, 18, 21, and 25
show that B/BY® under thermal conditions is a func-
tion of the variables z/z*, R/IRy, a/Ry, and t/©. The
thermal enhancement of &, leads at fixed z, R, and Ry
to a stronger depletion effect and a more attractive
(more negative) value of BS/B5*. In the colloid limit (R
> Ry), reducing the temperature from the athermal
limit toward © leads to appearance of a minimum near
z8'™ in the curve for BYY/BS® as a function of z; near
enough to ©, and if R/Ry is not too large, B can
become negative at this point. Including thermal inter-
actions thus significantly and qualitatively alters the
athermal behavior. This is visible in Figure 3, where
representative model calculations show the appearance
of a minimum which shifts toward the critical density
M ast— 0.

In the protein limit (R < Rg), including thermal
interactions within the RMPY/HTA closure leads to a
shift of the attractive minimum located at z* under

athermal conditions toward z'™, i.e., toward higher
polymer densities. This shift is accompanied by a
simultaneous deepening of the minimum; at t = O, eqs
18, 22, and 25 lead to the estimate that BS/BLS ~
—(Ry/R)(Ry/a)® at z = z!!™. Both of these trends, the
deepening and simultaneous shift of the minimum from
z* toward z/'™ as t is reduced toward ©, are seen in
Figure 4 which shows model calculations relevant to the
proteinlike limit.

Qualitatively similar effects, but of more pronounced
magnitude, are found when the Flory—Huggins theory
for t/© is used. Stronger thermal enhancement of the
depletion effect is expected, given the systematically
larger effects on &, found within the Flory—Huggins
theory. As t/O is lowered from its athermal value toward
©, a minimum appears in BS/ BY® near z" in the
colloid limit; for a given value of /@, this minimum is
deeper (more attractive) than that found based on the
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Figure 4. BY/BY® as a function of log(z/z*) under thermal
conditions based on the RMPY/HTA closure in the R < Ry
protein limit. In all cases, R = 5a and Ry = 102a; the curves
correspond tot / ® = o, 5, 2, 1.5, 1.1, and 1.0 from top to
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Figure 5. Same as Figure 3 but based on Flory—Huggins
theory for &

RMPY/HTA closure, and occurs at a lower polymer
density as z. "~ z* < z!'™. Figure 5 shows results for
BS/B5S based on the Flory—Huggins theory of the
polymer—solvent spinodal for the same values of R/Ry
and t/© as were used in the RMPY/HTA-based calcula-
tions of Figure 3. In the protein limit, the minimum
present at z* under athermal conditions deepens as t/©
is reduced; this increase in depth is now not ac-
companied by the shift to higher densities that was
found for the RMPY/HTA treatment of the spinodal. At
t = 0, egs 18, 23, and 25 lead to the estimate that B’/
BYS ~ —(Ry/R)V'N near z-" ~ z*, indicating the stron-
ger thermal effects found with use of the Flory—Huggins
theory for the spinodal. The calculations shown in
Figure 6, which use the same parameters employed in
Figure 4, show the rapid deepening of the minimum at
¢t relative to both the athermal result and the corre-
sponding predictions based on the RMPY/HTA closure
approximation.

The strong attractive modification of BY caused by
thermal enhancment of &, in the vicinity of the critical
point becomes clearer from examining the loci of Boyle
points at which B’ = 0 under thermal conditions.
Equations 18 and 25 show that the condition B = 0
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Figure 6. Same as Figure 4 but based on Flory—Huggins
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Figure 7. Values of log(R/Ry) for which BY = 0 shown as

functions of log(z/z*) within the RMPY/HTA theory for g;h.
The solid and dashed lines correspond to Ry = 10a and Ry =
20a, respectively. For each set of curves, t/© = «, 2, 1.25, and
1.0 from bottom to top. The region above each curve corre-

sponds to B > 0.
can be expressed as

R_(&"
R, |2R,

-1

8

% (27)

ﬁ) 1
gth

P

where x = z/z*. Within the RMPY/HTA theory for ts/©,
egs 5, 21, 25, and 27 give the values of R/Ry for which
BS = 0, as a function of R¢/a, z/z*, and t/©. Numerical
calculations of the loci of points satisfying eq 27 with
the RMPY/HTA and Flory—Huggins theory predictions
for 5;“ are shown in Figures 7 and 8, respectively. In all
cases, the regions below and between the lines for each
value of /© and Rgy/a (i.e., toward smaller values of R/Rg)
correspond to domains where B is negative/attrac-
tive. Within both the RMPY/HTA and Flory—Huggins
theories for 5;“, the domain of R/Ry and polymer con-
centrations over which B is attractive increases dra-
matically as /@ is reduced. In the athermal case, BY is
always positive/repulsive when R > Ry, and only in the
“protein limit” when R < Rg/(6xf2) do we find a pair of
Boyle points corresponding to the minima in the curves
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Figure 8. Same as Figure 7 but based on the Flory—Huggins
theory for &

for BS® under athermal conditions shown in Figures 4
and 6. As t is reduced toward O, however, the attractive
domain increases rapidly, and even for fairly modest
chain lengths there appears a window of polymer
concentrations around the critical density over which
B3 becomes attractive for all values of R/Rg, including
the “colloid limit”. Increasing the chain length N at fixed
t/© enhances the attractive thermal modification of
B, as t; approaches nearer ® with increasing N in
both the RMPY/HTA and Flory—Huggins theory, and
the enhancement of 5‘“ becomes more effective. The
greater proximity of tC to © for modest values of N
predicted by the Flory—Huggins theory as compared to
the RMPY/HTA calculation explains the notably larger
enhancement of the attractive domain in Figure 8
relative to Figure 7 for equal values of t/O.

The preceding discussion has outlined the major
qualitative effects of including thermal interactions
within either the RMPY/HTA or Flory—Huggins theo-
ries on BY/BL. More quantitative estimates can be
obtained from the criterion that the polymer—polymer
thermal interactions are strong enough to induce either
a 10% attractive modification in BS/B%' relative to its
athermal value or that the modification be strong
enough to make B negative at a given polymer con-
centration. The latter criterion is of limited utility in
the “protein limit” where BY® assumes negative values
near z* even under athermal conditions.

Equations 5, 18, and 25 show that the ratio BS/B%'®
is a function of the variables R/Rg, z/z*, and t/ts alone.
For concreteness, we focus attention on the dilute-
semidilute crossover concentration z*, and predictions
based on the RMPY/HTA theory for £, which we
believe are more accurate than their Flory—Huggins
analogues. At this concentration, the ratio BS/B%S is
reduced by 10% relative to its athermal value at t/ts ~
90, 6, and 4 for R/Rg = 0.1, 1, a value and in the “colloid
limit” (R > Ry), respectively. In all cases, thermal
polymer concentration fluctuations at the semidilute
crossover point begin to influence the depletion attrac-
tion effect at a rather remarkably large distance from
the spinodal temperature. B%CIBZHS is most sensitive to
thermal interactions in the “protein limit”. This is
physically reasonable, as under these condltlons 5
R and modest fractional changes in .§ may stlll be
significant on the particle size length scale R.
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The condition that B’ = 0 at z = z* is satisfied at t/t;

~ 1.2 in the “colloid Iimit" (R> Ry), and at t/ts ~ 1.4
When R = Rgy. This again indicates that as R/Rq is
increased at a given polymer concentration, closer
approach to the spinodal envelope becomes necessary
to achieve a similar degree of attractive thermal modi-
fication to BY/BLS. The prediction that significant
changes in BS/BY" can be achieved for relatively large
values of t/ts may be of relevance in understanding
experimental measurements of By between globular
protein molecules in polymer solutions at room temper-
ature.®* For example, the existence of an underlying
UCST or LCST-type demixing transition as much as 100
K away from room temperature would correspond to t/ts
~ 1.3 and could markedly alter theoretically predicted
values of BS/B5® in the attractive direction.

Finally, as the critical point is approached (t — t;’),
BY/BY® — —w as (Rg2/0R) (t/t — 1)~1. On the other
hand, for t > ® and polymer concentrations far removed
from the semidilute crossover or critical value, that is z
< Z* or z > zqit, thermal fluctuation effects are greatly
reduced as seen in Figures 3—6.

C. Thermal Effects on fdu.. The dimensionless
particle insertion free energy, Bdouc, under thermal
conditions is calculated from the compressibility route
expression of eq 17 with the replacement §, — éath/
J/1-tJ/t in eq 11 for CpC(O) Since, for a fixed reduced
temperature t, the ratio ts/t is a function of reduced
polymer density z, the integration in eq 17 must in
general be performed numerically. General qualitative
features may, however, be understood in analytic terms.
As for the earlier discussion of BY, for simplicity we
focus attention on t = ©.

Within the RMPY/HTA closure, in the colloid limit
the inequality g“‘ <R /«/5 < R holds for all polymer
densities at t = O. Equations 7 and 8 for the compress-
ibility route polymer osmotic pressure, together with egs
11 and 17, show that, under these conditions

ﬂéﬂc ~ ﬁpthvsphere (28)

where Py, is the compressibility route polymer osmotic
pressure under thermal conditions. The reduction in
pressure from Pat, to Py, under thermal conditions thus
leads to a smaller value for the particle insertion free
energy and hence enhanced solubility. As discussed in
earlier work employing the RMPY/HTA closure, at t =
©®© both the second and third polymer—polymer virial
coefficients vanish in the long-chain limit;1° the simul-
taneous vanishing of the third virial coefficient was
related to neglect of explicit three body (solvent-medi-
ated) interactions between polymer segments in the
present theory. This feature, combined with the previ-
ous discussion of 5 , shows that, at t = O, linear
behavior of Bouc ~ (R3 pp/N) is followed for z < zHTA
N~13. Above the critical density, &0 ~ z73? at t = ©,
|mply|ng that the pressure grows such as BPno® ~ 2%
the athermal scaling behavior (8Pano® ~ z8) is altered
by the vanishing in the large N limit of the third
polymer—polymer virial coefficient in this theory att =
©. Thus, for z > z/'™, Bou. ~ (alo)(Rlo)3z% the ather-
mal behavior (8ou. ~ (R/0)3z%) is recovered when z >
ola, i.e., when £" ~ a.

The range of polymer densities over which Sduc
increases linearly with z in the R < Ry protein limit
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Figure 9. Logarithm of the dimensionless free energy of
sphere insertion as a function of log(z/z*) under thermal
conditions for the colloid limit. The solid line shows the t — o
athermal result, and the dashed and dot—dashed lines show
predictions at t = © from the RMPY/HTA and Flory—Huggins

theories for 5”‘ respectively. The RMPY/HTA based calcula-
tion uses R = 10% and Ry = 102%a, while the Flory—Huggins
based result employs R = 10% and Ry = 10%.

again extends up to the point at which the particle size
and mesh length are roughly equal, ij ~ R. The
corresponding density, denoted z%, is zT = (0/R)%36~1/3
at t = O, and is higher than both z/'™ and also the
value of z' under athermal conditions. For densities z
< 7', Bouc ~ (Rlo)z. Above z', E' < R, and quartic
behavior Bou. ~ (alo)(Rlo)3z* is predlcted as was found
for the colloid limit above z/'™. Given the modest
values of R appropriate to the protein limit (R ~ 3—50),
the separation between z' and z ~ 1/6 may not be large
enough to permit clear establishment of the quartic
dependence of fdu. in the protein limit.

Similar behavior is seen in both the colloid and
protein limits when the Flory—Huggins result for t/©
is used to estimate § In the colloid limit, regimes
with approximately linear and quartic dependences of
Bouc on z are separated by the density at which the
behavior &M ~ z732 sets in the Flory—Huggins theory;
as indicated previously, this regime is established in the
neighborhood of z; ~ N3, The polymer-density de-
pendences of fdu. predicted by the Flory—Huggins and
RMPY/HTA theories of the spinodal are therefore very
similar however, at sufficiently low densities, z < z* ~

H the increase in 5 above &; in the Flory—Huggins
theory gives rise to a sllghtly weaker, sublinear growth
of Bouc with z . The analogous extension of the linear
domain over which duc ~ (R/o)z is found in the protein
limit as well, and, as for the RMPY/HTA theory,
terminates when &" ~ R; for the modest values of R
relevant to this case, the subsequent quartic regime may
not be clearly visible.

Model calculations of fou. for parameters relevant to
the colloid and protein limits are shown for both the
Flory—Huggins and RMPY/HTA theories of the spinodal
boundary in Figures 9 and 10. As the temperature
dependence of fouc is relatively weak, we have for
clarity displayed only results obtained at t = ® and in
the athermal limit. In both the colloid and protein limits,
the thermal suppression is stronger in the Flory—
Huggins than in the RMPY/HTA-based calculations.
This is due to the stronger enhancement of £, and closer
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Figure 10. Same as Figure 9 but in the protein limit. The
RMPY/HTA theory calculations uses R = 5a and Ry = 10?3,

while the calculation based on Flory—Huggins theory employs
R = 50 and Ry = 10%0.

proximity of t; to ® in the former theory. Note the
crossover from linear to approximately quartic depen-

dence of Bduc on z at near the critical density z'™ or

¢c in the colloid limit (Figure 9); the crossover ap-
pears more rounded and broader in the Flory Huggins
based results due to the broad peak in £ (Figure 2) in
the vicinity of the critical density. ‘Fhe difference
between the Flory—Huggins and RMPY/HTA based
calculations at t = © are smaller in the protein limit
(Figure 10), and the quartic regime Souc. ~ z* is not
clearly established in either case due to the small range
of densities satisfying ga‘h > a and 5 < R; the inclu-
sion of thermal polymer polymer segmental interac-
tions thus has a relatively minor effect on fou. calcu-
lated from the compressibility route for the proteinlike
limit.

IV. Discussion

The present work has generalized our previous ana-
lytic theory?! for dilute suspensions of hard spheres in
athermal polymer solutions to include thermal interac-
tions between the polymer segments and variable
solvent quality. Methods for including polymer—colloid
and colloid—colloid thermal interaction potentials are
discussed in the Appendix. Results have been presented
for the temperature and polymer concentration depend-
ences of the density screening length, colloid—colloid
second virial coefficient, and free energy for sphere
insertion into a polymer solution.

Incorporating polymer—polymer segmental attractive
interactions significantly enhances the range of the
polymer-induced attractive depletion potential in the
vicinity of the polymer—solvent critical demixing transi-
tion. This is not a surprising result, and occurs due to
the long-ranged critical fluctuations in the polymer
density, a mechanism independent of the specific theory
(Flory—Huggins or RMPY/HTA) used to describe the
underlying polymer—solvent phase transition The de-
tails of the behavior of BS and of & are, however,
sensitive to the theory employed for tﬁe phase transi-
tion, as 5 depends strongly on distance from the
spinodal line. Thus, for a fixed value of /©, the Flory—
Huggins theory predicts a stronger thermal enhance-
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ment of the polymer-induced attraction than does the
RMPY/HTA theory. However, the latter theory is in
much better agreement with experimental measure-
ments of critical polymer concentrations and the ther-
mal density screening length of polymer solutions.6:33

Our results are relevant to situations in which deple-
tion-induced flocculation, or polymer—particle phase
separation, is thought to occur at near-® conditions.3®
Within PRISM-PY theory, proximity to the critical point
is capable of creating an attractive minimum in BY
near the critical polymer density which is entirely
absent from the corresponding athermal situation in the
R > Ry colloid limit or R ~ Ry “crossover” cases.
Coupling to long-wavelength critical fluctuations ap-
pears to have significant consequences even remarkably
far removed from t; if the polymer concentration is in
the semidilute crossover or critical composition range.
The enhancement of the depletion attraction by such a
mechanism is not specific to the macromolecular nature
of the depletant but could conceivably operate even for
small molecule depletants sufficiently near a critical
point, although the details would be nonuniversal. Of
course, the fact that the “bare” (athermal) density
screening length can be very large for macromolecules
greatly enhances their ability to mediate “long range”
depletion attractions between spherical particles. It is
this feature which leads to the enhanced sensitivity of
small particles (R = Ry) to thermal polymer concentra-
tion fluctuations compared to large colloidal spheres.

In related work,* we have shown that inclusion of
packing diameter nonadditivity athermal effects can
also enhance the attractive depletion effect by increasing
the strength though not the range of the polymer-
mediated interaction between particles. The coupling to
critical fluctuations is a physically very different mech-
anism, as it operates by increasing the range and not
the strength (as judged by gc(de)) of the depletion
potential.

Under near-O conditions, the minimum in B be-
comes deeper (more attractive) as the polymer molecular
weight is increased; also, at polymer densities above the
critical point, BS® again increases to a positive (repul-
sive) value. The latter trend may relate to the contro-
versial phenomenon of polymer-induced restabilization3®
reported by some workers at polymer concentrations
above the semidilute crossover ¢*. One must be cautious
about such an interpretation, however, as it has been
suggested that the restabilization phenomenon may
involve Kinetic effects due to barriers which appear in
the potential of mean force at high polymer packing
fractions® (pp > p**p). Such barriers arise naturally in
PRISM calculations for concentrated (but not semidi-
lute) solutions which do full justice to the nonzero chain
thickness and include high polymer density packing
effects.3” The latter are absent from the present analytic
theory applicable under dilute and semidilute condi-
tions, which represents the polymer molecule as a
Gaussian thread.

It would be of great interest to test key features of
the present theory through suitably designed experi-
mental and computer simulation studies. Experimental
studies on polymer solutions with chains of a fixed
molecular weight could be performed over a range of
temperatures approaching the polymer—solvent demix-
ing point. Absence of charges from both the polymer and
the spheres and refractive-index matching to eliminate
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thermal dispersion interactions could ensure that the
primary thermal interactions present are those between
the polymer segments themselves. An unambiguous
representation of the sphere—sphere and sphere—
polymer segmental interactions as being of the purely
hard core excluded volume type may be more directly
achieveable in computer simulations, in which it would
be crucial to include the excluded volume interactions
between all pairs of components. Simulations for par-
ticles of modest size (R < Ry) should be the most
tractable case.

In future work, we shall present results of numerical
PRISM studies on finite thickness semiflexible chains
with solute spheres of different diameters under ather-
mal conditions. Preliminary results of such calculations
are consistent with our analytic theoretical predictions.
Generalization of the PRISM—PY theory of polymer—
particle mixtures to treat the finite particle concentra-
tion case is discussed elsewhere by Fuchs and Schweiz-
er.38
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Appendix

Here we present general results for the inclusion of
thermal contributions to the polymer-colloid and col-
loid—colloid interactions within the site—site mean
spherical approximation (MSA). The MSA closure allows
analytic solutions to be obtained for the correlation
functions, and has been employed by previous workers
for the case of binary mixtures of hard spheres interact-
ing via Yukawa potentials.®® The MSA applied to a
system interacting via a potential which can be decom-
posed into a hard core and an attractive tail prescribes
the value of the direct correlation function outside the
core:39

Cum(n) = =Bvym(r), 1> dyw (29)

Here vpmm(r) is the nonhard core, or “tail”’, component
of the potential. In what follows, we assume that the
thermal contribution to the polymer—colloid interaction
is of the Yukawa form:

a

Vo) = epc(F)e‘”a (30)

The polymer—colloid direct correlation function under
thermal conditions is chosen to satisfy egs 3, 9, and 29,
and the strength of the Dirac delta function contribution
at the sphere surface is chosen to enforce the boundary
condition that gy,(r — R+) = 0. It may be verified that
the following correlation functions satisfy these require-
ments:
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Equations 31 and 32 are now used to obtain the
polymer-induced contributions to the colloid—colloid
correlation functions, determined by the function W(r)
of eq 12. Equations 12, 31, and 32, plus tedious but
straightforward analysis, lead to the following expres-
sion for W(r):

2 3
W(r) = _arz Rz n 4a :BrRz _4a :ng _ 2a.n3rRz n
120 30 o°t ro°t o°t
4danR’z _4a’nR’2 | ar'z _ arR’z | aR’z
ot ro’t 1440E7 12087 908}
Rz aR?%z 4a”R2§pZ 24a2”R2§p22 Age "2
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3 3 5, T 3. 5.2
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m, r <2R
p
W(r) = zRz[12ae "3*t(1 — e*R?) + 12a°Ro’te (1 +
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Equation 33 for W(r) reduces to eq 13 when t — oo,
i.e., when the polymer—colloid interaction reverts to
being purely athermal. The correlation functions gec(r)
and C(r) may now be obtained from eqs 14 and 33.

If there is an additional colloid—colloid thermal
interaction, ve(r), the appropriate ge(r) and Ce(r) values
within the MSA closure follow immediately from eqgs 14,
29, and 33. The function W(r), which describes the
polymer-mediated interaction, is not affected by the
thermal colloid—colloid interaction and is still given by
eq 33; this decoupling is valid only when the colloidal
species is at infinite dilution, and will not apply at finite
concentrations of the spheres. Within the MSA closure,
Jec(r) and Ce(r) are then given by

gCC = O' r= dCC

=1—pv(r)+W(r), r>d,
Cee(N=—2+W(r), r<dg
=BV (), r>d (34)

Note that W(r) in eq 33 does not change even if we
consider the nonadditive diameter problem* (d¢ = 2R);
thus the results of egs 33 and 34 may be used to consider
cases involving both thermal interactions as well as
nonadditivity in the hard core diameters. This simpli-
fication, which allows a unified solution to the general
thermal nonadditive diameter problem, is peculiar to
the infinite dilution limit and does not hold at finite
colloid concentrations.
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